In this paper, we deal with the relationship between the small function and the derivative of solutions of higher order linear differential equations
Introduction and main results
Complex oscillation theory of solutions of linear differential equations in the complex plane C was started by Bank and Laine [, ] . After their well-known work, many important results have been obtained on the complex oscillation theory of solutions of linear differential equations in C, refer to [, ] .
To state those correlated results, we require to give some explanation as follows.
We shall assume that the reader is familiar with the fundamental results and the standard notations of the Nevanlinna value distribution theory of meromorphic functions (see [, , ] ). In addition, we will use the notation σ (f ) to denote the order of meromorphic function f (z), λ(f ) to denote the exponent of convergence of the zero-sequence of f (z) and λ(f ) to denote exponent of convergence of distinct zero-sequence of meromorphic function f (z), and τ (f ) to denote the type of an entire function f (z) with  < σ (f ) = σ < +∞, which is defined to be (see [] )
We use σ  (f ) to denote the hyper-order of f (z), σ  (f ) is defined to be (see [] )
σ  (f ) = lim sup r→∞ log log T(r, f ) log r . http://www.advancesindifferenceequations.com/content/2012/1/114
We use λ  (f ) (λ  (f )) to denote the hyper-exponent of convergence of the zero-sequence (distinct zero-sequence) of meromorphic function f (z), λ  (f ), λ  (f ) are defined to be (see [ to denote the logarithmic measure of a set E ⊂ [, +∞). We denote by S(r, f ) any quantity satisfying
as r → +∞, possibly outside of a set with finite measure. A meromorphic function ψ(z) is called a small function with respect to f if T(r, ψ) = S(r, f ).
For the second order linear differential equation
where A(z) and B(z) ( ≡ ) are entire functions, it is an interesting problem to investigate the complex oscillation of solutions of Equation (). Many mathematicians obtained a lot of important and significant results (see [, , , , ]) by studying the above equation. In , Shon [] investigated the hyper-order of the solutions of () and obtained the following result.
Theorem A (see []) Let A(z) and B(z) be entire functions such that
In , Chen and Shon [] investigated the zeros of the solution concerning small functions and fixed points of solutions of second order linear differential equations and obtained some results as follows. 
satisfies that f and f , f , . . . , f (k) all have infinitely many fixed points and λ(f
For Equation ( There naturally arises an interesting subject on the problems of fixed points of solutions of the differential equation
where A j (z) (j = , , . . . , k -) are entire functions. In this paper, we will deal with the above equation and investigate the relationship between small functions and derivative of solutions of Equation () and obtain some theorems which improve the previous results given by Chen, Kwon and etc. Theorem . Let A j (z), j = , , . . . , k - be entire functions with finite order and satisfy one of the following conditions: 
Remark . The following example shows that Theorem . is not valid when
Example . For the equation
we can easily get that Equation ( ) has a solution f (z) = e e z + e z . And the functions
-e z -e z are meromorphic and satisfy δ(∞,
From Theorems .-., if ϕ(z) = z, we can get the following corollaries easily. 
Corollary . Under the assumptions of Theorem ., if ϕ(z) = z, for every solution f ≡  of (), we have
λ  (f -z) = λ  f -z = λ  f -z = λ  f (i) -z = σ  (f ) = σ (A  ) (i ∈ N).
Corollary . Under the assumptions of Theorem ., if ϕ(z)
= z, for every solution f ≡  of (), we have (i) λ(f -z) = λ(f -z) = σ (f ) = ∞; (ii) λ(f (i) -z) = λ(f (i) -z) = σ (f (i) -z) = ∞ (i ≥ , i ∈ N).
Corollary . Under the assumptions of Theorem ., if ϕ(z)
= z, for every meromorphic solution f ≡  of (), we have λ  (f (i) -z) = λ  (f (i) -z) ≥ σ  (A  ) (i = , , . . .), where f () = f . Remark . In Theorem B, if ab =  and a = cb ( < c < ), it is easy to see that σ (A  e az ) = σ (A  e bz ) =  and τ (A  e az ) = |a| < τ (A  e bz ) = |b|. By Theorem ., for every solution f ≡  of () and for any entire function ϕ(z) ≡  with σ  (ϕ) < , we have λ  (f -ϕ) = λ  (f -ϕ) = λ  (f -ϕ) = . Therefore, Theorem . is
Some lemmas
To prove our theorems, we require the following lemmas.
Lemma . Assume f ≡  is a solution of Equation ()
, set g = f -ϕ, then g satisfies the equation
where U
And the derivation of () is
We can rewrite () as
Substituting () into (), we have
A j+ , j = , , , . . . , k - and A k ≡ . Then from () and (), we can get
and (). Thus, we complete the proof of Lemma .. http://www.advancesindifferenceequations.com/content/2012/1/114
where
Proof Since g  = f -ϕ, we can get
The derivation of () is
Substituting () into (), we have
Substituting () into (), we can get (). Thus, this completes the proof of Lemma ..
Proof Since g  = f -ϕ, we have
The derivation of () is
Substituting () into (), we have
Substituting () into (), we can get (). Thus, we complete the proof of Lemma ..
Lemma . Assume f ≡  is a solution of Equation (), set g
Proof The inductive method will be used to prove it. At first, from Lemmas .-., we get that () holds for i = , , . Next, suppose that
From () and (), we have
Now we will prove that g n+ = f (n+) -ϕ satisfies (). Since g n+ = f (n+) -ϕ, we have
The derivation of () is
Substituting () into (), we have
From the definition of U i j and (), we have
This completes the proof of Lemma ..
Similar to the proof of [, Lemma .], we can get the following lemma. 
Lemma . Let f (z) be a transcendental meromorphic function with σ (f ) = σ ≥ , then there exists a set E ⊂ [, +∞) with infinite logarithmic measure such that for all r ∈ E, we have
Then there exists a set E with infinite logarithmic measure such that
Proof The inductive method will be used to prove it. First, when i = , i.e., U
Since A j (z) are entire functions with max{σ (A j ) : j = , , . . . , k -} < σ (A  ) < ∞ and (), we have
From (), (), () and Lemma ., there exists a set E ⊂ [, +∞) with infinite logarithmic measure such that
Now, suppose that () holds for i ≤ n, n ∈ N, that is, there exists a set E with infinite logarithmic measure such that
Next, we prove that () holds for i = n + . 
Proof Assume that f (z) is a meromorphic solution of (). From (), we have
By the lemma on logarithmic derivative and (), we have
where E  ⊂ [, +∞) is a set with finite linear measure. From the assumptions of Lemma ., there exists a set E  with infinite logarithmic measure such that for all |z| = r ∈ E  -E  we have 
Lemma . (see [] ) Let f (z) be an entire function with σ (f ) = σ , τ (f ) = τ ,  < σ < ∞,  < τ < ∞, then for any given β < τ , there exists a set E  ⊂ [, +∞) that has infinite logarithmic measure such that for all r ∈ E  , we have
be entire functions with finite order and satisfy 
where i ∈ N and j = , , . . . , k -.
Proof
The inductive method will be used to prove it. 
From Lemma ., Lemma . and ()-(), for any ε ( < ε < τ -τ  ), there exists a set E  with infinite logarithmic measure such that
and
where M >  is a constant, not necessarily the same at each occurrence. http://www.advancesindifferenceequations.com/content/2012/1/114
(ii) Next, we show that U 
(iii) Now, suppose that () holds for i ≤ n, n ∈ N, that is, for any given ε ( < ε < τ -τ  ), there exists a set E  with infinite logarithmic measure such that Thus, we complete the proof of Lemma ..
